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Abstract. For each n < 6, we characterize all the groups which can occur as either 
the orientation preserving topological symmetry group or the topological symmetry 
group of some embedding of K n in S z . 

Introduction 

Chemists have defined the point group of a molecule as its group of rigid symmetries. 
Though this is useful for rigid molecules, there are molecules with pieces that can twist 
or rotate independently of the rest of the molecule. In order to classify such symmetries, 
we use topological symmetry groups. 

Definition 1. Let T be a graph embedded in S 3 . The topological symmetry group of 

r is the subgroup of the automorphism group Aut(T) induced by homeomorphisms of the 
pair (S 3 , r). The orientation preserving topological symmetry group, TSG+(T) ; 
is the subgroup o/TSG(T) induced by orientation preserving homeomorphisms of (S 3 ,T). 

Though the homeomorphisms in the above definition do not necessarily have finite 
order, it was shown in [9] that the set of orientation preserving topological symmetry 
groups of graphs embedded in S 3 is precisely the same as the set of finite subgroups of 
SO(4) up to isomorphism. Furthermore it was shown in [8j that the set of orientation 
preserving topological symmetry groups of complete graphs embedded in S 3 is the same 
up to isomorphism as the set of finite subgroups of SO(3) together with the subgroups 
of products of dihedral groups D m x D m for some odd m. However, this left open the 
question: for a given n, what topological symmetry groups are possible for embeddings 
of K n in S 3 . For n > 6, this question was answered for orientation preserving topological 
symmetry groups in j2], [6], [5], and [7j. In this paper we answer this question for the 
special cases where n < 6 and determine both the possible topological symmetry groups 
and the possible orientation preserving topological symmetry groups of embeddings of 
K n in S 3 . We will use the following terminology. 

Definition 2. An automorphism f of an abstract graph, ■y, is said to be realizeable if 
there exists an embedding T of 7 in S 3 such that f is induced by a homeomorphism of 
(S 3 , r). A group G is said to be realizeable for 7 if there exists an embedding Tofjin 
S 3 such that TSG(r) S G. //TSG+(T) = G, then we say G is positively realizeable. 
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Not every group is realizable. In particular in [9] it was shown that the alternating 
group A q is realizable for some graph if and only if q < 5. 

For each n < 6, we first determine the orientation preserving topological symmetry 
groups of embeddings of K n and then use the fact that either TSG + (r) = TSG(T) or 
TSG+(r) is a normal subgroup of TSG(T) of index 2 to help determine the topological 
symmetry groups. The graph of K\ is a vertex and of K2 is an edge. If V is an embedding 
of Ki, then TSG+(T) and TSG(T) are trivial, and if T is an embedding of K2, then 
TSG+(r) = TSG(r) ^ Z 2 . Thus we only consider n = 3,4,5 and 6. 

Let T denote an unknotted embedding of a triangle in S 3 . Then TSG(T) = TSG + (T) = 
Aut(-ftT 3 ) = D3. Recall that the trefoil knot 3i is chiral while the knot 817 is negative 
achiral and non-invertible. Therefore by adding the knot 817 to T we obtain an embed- 
ding, r, such that no orientation preserving homeomorphism of (S 3 ,T) inverts T, but 
there is an orientation reversing homeomorphism which inverts T. If T contains 8n#3\, 
then there is no homeomorphism of (S 3 ^) which inverts T. Note that no matter how 
K3 is embedded as T, TSG + (T) will never be the trivial group or Z2, because T can 
always be "slithered" along itself to induce an automorphism of order 3. Table 1 sum- 
marizes all of the groups that can occur as TSG + (r) or TSG(r) for some embedding T 
of K 3 in S 3 . 



Knots in T 


TSG(r) 


TSG + (r) 


None 


D 3 


D 3 


817 


D 3 


z 3 


817 # 3i 


z 3 


z 3 



Table 1. TSG Summary for K% 



We will use the following results in our analysis of the topological symmetry groups 
of embeddings of K4, K^, and in- 
complete Graph Theorem. [8] A finite group H is isomorphic to TSG+(r) for some 
embedding T of a complete graph in S 3 if and only if H is a finite cyclic group, a dihedral 
group, ; ^4 ? -^.5 ? 

or a subgroup of D m x D m for some odd m. 

A4 Theorem. [S] A complete graph K m with m > 4 has an embedding T in S 3 such 
that TSG+(r) = A A if and only ifm = 0, 1, 4, 5, 8 (mod 12). 

A5 Theorem. [5] A complete graph K m with m > 4 has an embedding T in S 3 such 
that TSG+(r) ^ A 5 if and only ifm = 0, 1, 5, 20 (mod 60). 

S4 Theorem. [5] A complete graph K m with m > 4 has an embedding T in S 3 such 
that TSG+(r) ^ S 4 if and only ifm = 0, 4, 8, 12, 20 (mod 24). 

Subgroup Theorem. [6] Let T be an embedding of a 3-connected graph, 7, in S 3 which 
has an edge that is not pointwise fixed by any non-trivial element o/TSG + (T). Then 
every subgroup o/TSG+(T) is positively realizable for 7. 
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By [6], adding a knot to an edge of a 3-connected graph is well-defined. Thus if n > 3 
then for any embedding of K n in S 3 adding a distinct knot to each edge will create an 
embedding A where TSG(A) and TSG + (A) are both trivial. Thus we do not include 
the trivial group in our analysis. 

Topological Symmetry Groups of K4 

The following is a complete list of all the non-trivial subgroups of Aut(K 4 ) = S4: 

S4, A4, D4, D3, D2, Z4, Z3, Z2 

Consider the embedding T of K\ illustrated in Figure [TJ The square 1234 must go 
to itself under any homeomorphism of (5 3 ,T). Hence TSG + (T) is a subgroup of D4. 
In order to obtain the automorphism (1234), we rotate the square 1234 clockwise by 
90° and pull 24 under 13. We can obtain the transposition (13) by first rotating the 
figure by 180° about the axis which contains vertices 2 and 4 and then pulling 24 under 
13. Thus TSG+(r) = D4. Furthermore, since the edge 12 is not pointwise fixed by any 
non-trivial element of TSG+(r), by the Subgroup Theorem the groups Z4, D2 and Z2 
are each positively realizable for K4. 




Figure 1. TSG+(r) 9* D 4 . 



Next, consider the embedding, T of K4 illustrated in Figure [21 All homeomorphisms 
of (5 3 , T) fix vertex 4. The automorphism (123) is realized by a rotation. Also the 
automorphism (12) is induced by turning the figure upside down and then pushing 
vertex 4 back up through the centre of 123. Thus TSG+(r) = D3. Since the edge 12 is 
not pointwise fixed by any non-trivial element of TSG+(r), by the Subgroup Theorem 
Z3 is also positively realizable for K4. 




Figure 2. TSG+(r) D 3 . 
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By adding an identical chiral knot (whose mirror image does not occur in T) to every 
edge of an embedding T we get an embedding T' such that TSG(r') = TSG_|_(T). Thus 
every subgroup of S4 occurs both as TSG + (T) and as TSG(r'). 



Subgroup 


Realizable /Positively Realizeable 


Reason 


S4 


Yes 


By S4 Theorem 


A, 


Yes 


By Theorem 


D 4 


Yes 


See Figure Q] and argument 


D 3 


Yes 


See Figure [2] and argument 


D 2 


Yes 


By Subgroup Theorem 


Z 4 


Yes 


By Subgroup Theorem 


Z 3 


Yes 


By Subgroup Theorem 


z 2 


Yes 


By Subgroup Theorem 



Table 2. Positive realizability of groups for 



Topological Symmetry Groups of K5 

The following is a complete list [12] of all the non-trivial subgroups of Aut(i^s) = S5: 

S5> S4, A4, Z5 XI Z4, D6, D5, D4, D3, D2, Zg, Z5, Z4, Z3, Z 2 

Finite Order Theorem. [3] If ip is an automorphism of K n with n > 3 and T is an 

embedding of K n in S 3 such that ip is induced by a homeomorphism, h of (S 3 ,T), then 
for some re- embedding T' of K n , ip is induced by a finite order homeomorphism, f of 
(S 3 ,T), and f is orientation reversing if and only if h is orientation reversing. 

The following lemma follows from the Finite Order Theorem and Smith Theory |14j . 

Lemma 1. Let n> 3 and let p be a non-trivial automorphism of K n which is induced 
by a homeomorphism h for some embedding of K n in S 3 . If h is orientation reversing 
then ip fixes at most 4 vertices. If h is orientation preserving then ip fixes at most 3 
vertices. If h is orientation preserving and ip has even order then ip fixes at most 2 
vertices. 

Lemma 2. Let n > 3 and let T be an embedding of K n in S 3 such that TSG+(r) con- 
tains an element ip of even order m > 2. Then <p does not fix any vertex or interchange 
any pair of vertices. 

Proof. Suppose T is an embedding of K n in S 3 such that ip G TSG + (r). By the Finite 
Order Theorem, K n can be re-embedded as V so that <p is induced on T' by a finite 
order orientation preserving homeomorphism h. 

Suppose that ip fixes a vertex or interchanges a pair of vertices of V. Then h must 
fix some point of F. By Smith Theory, fix(/i) = S . Let r = m/2. Then h r induces an 
involution on V which can be written as a product (ai&i) . . . (a q b q ) of disjoint transpo- 
sitions of vertices. Now for each i, W fixes a point on the edge aj&j. But fix(/i r ) contains 
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fix(/i) and thus by Smith Theory fix(/i r ) = &x(h). Hence h fixes a point on each edge 
aibi. Thus h induces also (ai&i) . . . (a q b q ) on T', which contradicts the hypothesis that 
the order of ip is m > 2. □ 

By Lemma 2, there is no embedding of K$ in S 3 such that TSG+(T) contains an 
element of order 4 or of order 6. Thus TSG+(r) cannot be T>q, Zq, D4 or Z4. 




Figure 3. TSG+(r) D 5 . 



Consider the embedding T of K$ illustrated in Figure [3l The automorphism (12345) 
is realizable by rotating T, and (25) (34) is induced by turning the graph over. The 
knotted cycle 13524 must be setwise invariant under every homeomorphism of T. Hence 
TSG + (r) = ((12345), (25) (34)) 9* D 5 . Since the edge 12 is not pointwise fixed by any 
non-trivial element of TSG + (r), by the Subgroup Theorem the groups Z5 and Z2 are 
also positively realizable for K^. 




Figure 4. TSG+(r) ^ D 3 . 



Next consider the embedding T of K$ illustrated in Figure [H The triangle 123 
must go to itself under any homeomorphism. By Lemma 1, any orientation preserving 
homeomorphism which fixes vertices 1, 2, and 3 induces a trivial automorphism on 
K$. So TSG+(r) < D3. The automorphism (123) is induced by a rotation. Also 
the automorphism (45) (12) is induced by pulling vertex 4 down through the centre of 
triangle 123 while pulling vertex 5 into the centre of the figure then rotating by 180° 
about the line through vertex 3 and the midpoint of the edge 12. Thus TSG + (r) = 



6 



DWAYNE CHAMBERS AND ERICA FLAPAN 



((123), (45)(12)) = D3. Since the edge 12 is not pointwise fixed by any non-trivial 
element of TSG + (r), by the Subgroup Theorem Z3 is positively realizeable for K5. 

Lastly, consider the embedding V of if 5 illustrated in Figure[5]with vertex 5 at infinity. 
The square 1234 must go to itself under any homeomorphism. Hence TSG+(r) < D4. 
The automorphism (13) (24) is induced by rotating the square by 180°. By turning over 
the figure we can obtain (12) (34). By Lemma 2, TSG+(r) cannot contain an element 
of order 4. Thus TSG+(r) = <(13)(24), (12)(34)) = D 2 . 




Figure 5. TSG+(r) ^ D 2 . 



We summarize our results in Table El 



Subgroup 


Positively Realizable 


Reason 


A 5 


Yes 


By A§ Theorem 


S 4 


No 


By S4 Theorem 


A 4 


Yes 


By Theorem 


D 6 


No 


By Lemma 2 


D 5 


Yes 


See Figure [3] and argument 


D 4 


No 


By Lemma 2 


D 3 


Yes 


See Figure [Hand argument 


D 2 


Yes 


See Figure [5] and argument 


Z 6 


No 


By Lemma 2 


Z 5 


Yes 


By Subgroup Theorem 


z 4 


No 


By Lemma 2 


z 3 


Yes 


By Subgroup Theorem 


z 2 


Yes 


By Subgroup Theorem 



Table 3. Positive realizability of groups for K$ 



Again by adding appropriate identical chiral knots to each edge, all of the groups in 
Table [3] are also realizeable. Thus we only need to determine realizability for the groups: 
S5, S4, Z5 x Z4, Dg, D4, Zc and Z4 
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Figure 6. TSG(r) ^ S 5 . 



Let r be the embedding of K§ illustrated in Figure [6l Any transposition which 
fixes vertex 5 can be achieved via a reflection in the plane containing the three vertices 
fixed by the transposition. To see that any transposition involving vertex 5 can be 
achieved, consider the automorphism (15). Pull 51 through 234 and then turn over the 
embedding such that vertex 5 is at the top, vertex 1 is in the centre and vertices 3 
and 4 are switched. Now reflect in the plane containing vertices 1, 5, and 2 in order to 
switch back vertices 3 and 4. Similarly, all other transpositions can be achieved. Hence 
TSG(r) = S5. Now let V be obtained from Figure [6] by adding the figure eight knot, 
4i, to all edges containing vertex 5. Every homeomorphism of (S 3 ,V) fixes vertex 5. 
All transpositions fixing vertex 5 are possible. Thus TSG(r') = S4. 



In order to prove D4 is realizable for K§ consider the embedding V illustrated in 
FigureE Every homeomorphism of (S 3 ,T) takes 1234 to itself, so TSG(r) < D 4 . The 
automorphism (1234) is induced by rotating the graph by 90° about a vertical line 
through vertex 5, reflecting in the plane containing the vertices 1,2,3,4, and isotoping 
the knots into position. Furthermore, reflecting in the plane containing 153 or 254 and 
then isotoping the knots into position yields the transposition (24) or (13) respectively. 
Hence TSG(r) = D4. Now replace the 4i knots in Figure[7]with the knot I2427, which is 
positive achiral and non-invertible [10] to create an embedding, V of K$. Since I2427 is 
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Figure 7. TSG(r) ^ D 4 . 
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not negative achiral or invertible, no homeomorphism of (S 3 ,F) can invert 1234. Thus 
TSG(r') ^ Z 4 . 



4 




Figure 8. TSG(r) ^ D 6 . 

Next let T denote the embedding of K§ illustrated in Figure El The 3-cycle (123) is 
induced by a rotation. Transpositions involving only vertices 1, 2 and 3 are all possible 
via a reflection in the plane containing 45 and the remaining fixed vertex followed by an 
isotopy. Also the transposition (45) is induced by a reflection in the plane containing 
vertices 1, 2 and 3 followed by an isotopy. Thus TSG(r) = Dq, generated by (123), 
(23), and (45). Now if the 4i knots in Figure [8] are replaced by I2427 then the triangle 
123 cannot be inverted. Thus TSG(r) = Zq, generated by (123) and (45). 




longitude 



Figure 9. Embedding of K 5 in a torus T 

In Figure[9]we illustrate an embedding T of K§ on the surface of a torus, T. Let T be 
standardly embedded in S 3 . Let / denote a glide rotation of S 3 which rotates T by 4-7r/5 
longitudinally and 87r/5 meridinally. Then / takes T to itself inducing (12345). Let g 
denote the homeomorphism given by rotating S 3 about a (1,1) curve on T followed by 
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a reflection through a sphere meeting T in two longitudes, together with a meridional 
rotation of T by 6tt/5. In Figure [TO] we illustrate the action of g on T, showing that g 
takes T to itself inducing (2431). 



Rotated about (1,1) curve Reflected through longitudes Shifted up by 67t/5 




2 



Figure 10. The action of g on T and T 

The homeomorphisms / and g induce the automorphisms 4> = (12345) and tp = (2431) 
of T. Observe that (p 5 = tp 4 = 1 and tpcf) = (pip 2 . It follows that ((p,ip) = Z 5 x Z 4 < 
TSG(r) 

In order to obtain the group Z5 x Z4 we modifiy the embedding in Figure [9] to obtain 
the embedding T' of K§ illustrated in Figure [TTJ The pattern in the square 1534 is 
repeated in each square. Thus / also induces the automorphism <p = (12345) on V. 




Figure 11. Projection V of K 5 on T 

Observe from the images in Figure [12] that rotating the square 1534 about a diagonal, 
then reflecting in a horizontal plane takes the knot 1534 to an equivalent knot. After 
rotating the torus meridionally by 6n/5, we see that g takes V to itself inducing the 
automorphism ip = (2431). Thus Z 5 x Z 4 < TS G(r') < S 5 . 

In Figure [12] we can see that the square 1534 is the connected sum of four figure eight 
knots. In Figure [13] we highlight the square 5134. In Figure [14] we have isotoped the 
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Figure 12. Effect of g on the square 1534 



trivial arcs in order to show that the square 5134 has a projection with 10 crossings, and 
hence the square 5134 is not the knot 4i#4i#4i#4i. It follows that (15) is not induced 
by a homeomorphism of (S 3 , V). However, the only subgroup of S5 that contains Z5 x Z4 
as a proper subgroup is S5 itself. Thus TSG(r) = Z5 x Z4. 




Figure 13. Square 5134 highlighted. 




Figure 14. The square 5134 after isotopy removing trivial loops 
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D 2 


Yes 


By adding chiral knots 




Yes 
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Z5 X Z 4 


Yes 


See Figure 1111 and argument 


Z 5 


Yes 


By adding chiral knots 


z 4 


Yes 


See Figure [7] and argument 


z 3 


Yes 


By adding chiral knots 


z 2 


Yes 


By adding chiral knots 



Table 4. Realizability for K 5 



Topological Symmetry Groups of K6 

The following is a complete list [13] of all the subgroups of Aut (Kq) = Sq: 

S 6 , A 6 , S 5 , A 5 , S 3 I ZS, S 4 x Z 2 , A± x Z 2 , S 4j At, Z 5 x Z 4 , D 3 x D 3 , (Z 3 x Z 3 ) x Z 4 , 

(Z 3 x Z 3 ) x Z 2 , D 3 x Z 3 , Z 3 x Z 3 , D 6 , D 5j D 4 , D 4 x Z 2 , D 3 , D 2 , Z 6 , Z 5 , Z 4 , Z 4 x Z 2 , 

Z 3 , Z 2 , Z 2 x Z 2 x Z 2 . 







\ 


] 


/v 




3 




K 





Figure 15. TSG+(r) ^ D 6 . 



*A I B represents a wreath product of A by B. 
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Consider the embedding T of Kq illustrated in Figure [T5]. There are three paths in 
r which look like the letter "Z", one on top of another. The top Z-path is 3146, the 
middle Z-path is 4251, and the bottom Z-path is 5362. The knotted cycle 123456 must 
be setwise invariant under every homeomorphism of T. The automorphism (123456) is 
induced by a glide rotation that cyclically permutes the Z-paths. The automorphism 
(13) (46) is induced by rotating by 180° about the line through vertices 2 and 5 and then 
pulling the edges 13 and 46 to the top level while pushing the lower ones down. Thus 
((123456), (13)(46)} = D 6 ^ TSG+(r). Also since the edge 12 is not pointwise fixed by 
any non-trivial element of TSG + (r), by the Subgroup Theorem the groups Zq, D3, Z3, 
D2 and Z2 are positively realizable for Kq. 




Figure 16. TSG+(r) ^ D 5 . 



Consider the embedding, T of Kq illustrated in FigurefTBIwith vertex 6 at infinity. The 
automorphisms (13524) and (25) (34) are realizeable by rotations. Also since 13524 is the 
only 5-cycle which is knotted, 13524 is setwise invariant under every homeomorphism 
of (»S 3 ,r). Hence TSG+(r) = D5. Also since 15 is not pointwise fixed under any 
homemorphism the Subgroup Theorem, Z5 is positively realizeable for Kq. 




Figure 17. TSG+(r) ^ D 3 x D 3 . 

Next consider the embedding, T of Kq illustrated in Figure [T71 The automorphisms 
(123) (456) and (123) (465) are realizable by glide rotations and (46) (12) is realizable by 
turning the figure upside down. Also if we consider the circles 123 and 465 as cores of 
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complementary solid tori, then (14) (25) (36) is realizable by an orientation preserving 
homeomorphism that switches the two solid tori. 

Observe that every homeomorphism of (S" 3 ,r) takes the pair of triangles 123 U 456 
to itself, since this is the only pair of complementary triangles not containing knots. 
The automorphism group of the union of two triangles is S3 I Z 2 [H]. Note that the 
automorphisms (12) and (46) are induced by reflections followed by an isotopy. Thus 
TSG(r) 9* S 3 lZ 2 , since (123)(456), (123)(465), (12) and (14)(25)(36) generate S 3 \Z 2 . 
But by the Complete Graph Theorem, TSG+(r) ^ S3I Z 2 and thus must be an index 
2 subgroup of S 3 I Z 2 containing / = (123)(456), g = (123)(465), <f> = (46)(12) and 
tp = (14) (25) (36). The automorphism / commutes with tp and anti-commutes with 
(pip, while g commutes with (pip and anti-commutes with ip. Thus TSG+(r) = D3 x D3 
generated by /, g, <p and ip. 

The subgroup (/, g, ip) = D3 XZ3 because ip commutes with / and anti-commutes with 
g. If we add the non-invertible knot 817 to the edges of the triangles 123 and 456 to obtain 
an embedding T%, then the automorphism (p is no longer realizable by an orientation 
preserving homeomorphism. Thus we have an embedding T\ with TSG+(Ti) = D3 x Z3. 

Also {f,g,4>) — (Z3 x Z3) x Z2 because <p anti-commutes with both / and g. Again 
starting with T in Figure \T7\ we place 52 knots on the edges of the triangle 123 so that 
ip is no longer realizable. Thus creating T 2 with TSG+(r2) = (Z3 x Z3) x Z2. 

Finally {f,g) = Z3 x Z3. If we place identical non-invertible knots on the edges of 
the triangle 123 and a distinct set of identical non-invertible knots on the edges of 456 
we obtain T 3 with TSG+(r 3 ) ^ Z 3 x Z 3 . 

We summarize our results in Table El 



Subgroup 


Positively Realizable 


Reason 


A 5 


No 


By A§ Theorem 


S 4 
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By S4 Theorem 
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By A4 Theorem 
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Yes 


By Subgroup Theorem 
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Yes 


By Subgroup Theorem 
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Yes 


By Subgroup Theorem 


Z 6 


Yes 


By Subgroup Theorem 


Z 5 


Yes 


By Subgroup Theorem 
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No 


By Lemma 2 
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By Subgroup Theorem 
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Yes 


By Subgroup Theorem 



Table 5. Positive realizability of groups for Kq 
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By adding appropriate identical chiral knots to each edge, every group which is pos- 
itively realizable for Kq is also realizable for Kq. So we evaluate whether or not the 
groups S 6 , A 6 , S 5 , A 5 , S 4 x Z 2 , A 4 x Z 2 , S 4 , A 4 , Z 5 x Z 4 , (Z 3 x Z 3 ) x Z 4 , D 4 , D 4 x Z 2 , 
Z 4 , Z 4 x Z 2 and Z 2 x Z 2 x Z 2 are realizable. Note that we already showed that S3 I Z 2 
is realizeable for Kq. 

Let r 4 be the embedding of Kq illustrated in Figure [IT] with left handed trefoils added 
to each edge of 123 and right handed trefoils added to each edge of 456. The pair of 
triangles are setwise invariant since no other edges contain trefoils. Both (123) (456) and 
(123)(465) are induced by homeomorphisms of (r 4 , S 3 ). Also if we reflect in the plane 
containing vertices 1, 4, 5, and 6 then all the trefoils switch from left-handed to right- 
handed and vice versa. If we then interchange the complementary solid tori with the 
triangles as cores followed by an isotopy, then we obtain an orientation reversing home- 
omorphism that induces (14) (25) (36) (23) = (14) (2536). The automorphism (14) (2536) 
has order 4 and along with (123) (456) and (123) (465) generates (Z3 x Z3) x Z 4 . 

We see as follows that TSG(r 4 ) cannot be larger than (Z3 x Z3) x Z 4 . Suppose (12) 
is induced by a homeomorphism /. By the Lemma 1, / is orientation reversing. But 
7(456) = 456, which is impossible because 456 contains only right handed trefoils. Thus 
(12) ^ TSG(r 4 ). Note there is no proper subgroup of S3 I Z 2 containing (Z3 x Z3) x Z 4 
as a proper subgroup. Thus TSG(r 4 ) = (Z3 x Z3) x Z 4 . 




Figure 18. TSG(r) D 4 . 

Now let r be the embedding of Kq in S 3 illustrated in Figure [TBI The automorphism 
(1234) (56) is induced by a rotation followed by a reflection and an isotopy. In addition 
the automorphism (14) (23) (56) is induced by turning the figure upside down. Observe 
that the linking number lk(135,246) = ±1, but lk(l36,245) = 0. Thus (56) is not 
realizeable. Since every homeomorphism of (S 3 ,T) takes 1234 to itself and (56) is not 
realizable, TSG(r) < D 4 . Thus TSG(r) ^ D 4 generated by (1234)(56) and (14)(23)(56). 
Now let r' be obtained from V in Figure [18] by replacing the 4 4 knots with 12 42 7 knots. 
Then the square 1234 can no longer be inverted. In this case (1234) (56) generates 
TSG(r') and thus TSG(r) ^ Z 4 . 

For the next few groups we will use the following lemma. 
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4-Cycle Theorem. [3] For any embedding Y of Kq in S 3 , and any labelling of the 
vertices of Kq by the numbers 1 through 6, there is no homeomorphism of(S 3 ,T) which 
induces the permutation (1234) on the vertices of Kq. 

Consider the subgroup Z5 x Z4 of Sq. Without loss of generality we can assume the 
order 5 generator is y = (12345). By the 4-Cycle Theorem, for any embedding T of 
Kq in S 3 , any order 4 element of TSG(r) must be of the form x = (abcd)(ef). The 
presentation of Z5 x Z4 in Sq gives the relation x~ 1 yx = y 2 . However, there is no element 
in Sq of the form (abcd)(ef) that together with y = (12345) satisfies this relation. Thus 
there is no embedding T of Kq in S 3 such that TSG(r) Z 5 x Z 4 . 

Now consider the subgroup Z4 x Z2 of Sq. By the 4-Cycle Theorem, without loss 
of generality we may assume that if some embedding T of Kq in S 3 has an element of 
order 4, then TSG(r) contains the element (1234) (56). Computation shows that the 
only transposition that commutes with (1234) (56) is (56) which cannot be an element 
of TSG(r) since this would imply that (1234) is an element of TSG(r). Furthermore 
the only other order 2 element of S6 that commutes with (1234) (56) is (13) (24) which 
is already in the group generated by (1234) (56). Thus there is no embedding T of Kq in 
S 3 such that TSG(r) contains Z4 x Z2. This rules out the subgroups S4 x Z2, D4 x Z2 
and Z4 x %2 as topological symmetry groups. 

For the last group we use the following result. 

Conway and Gordon Theorem, [li For any embedding F of Kq in S 3 , the mod 2 

sum of the linking numbers of all pairs of complementary triangles inT is 1. 

Suppose that for some embedding T of Kq in S 3 we have TSG(r) = Z2 x Z2 x Z2. 
Without loss of generality we can assume that TSG(r) is generated by (13), (24), and 
(56) which are induced by homeomorphisms h, /, and g of S 3 respectively. Since any 
three vertices of V determine a pair of disjoint triangles. We write a triple of vertices to 
represent a pair of disjoint triangles. The orbits of the ten pairs of disjoint triangles in 
Kq under the group ((13), (24), (56)) are: 

(123,143), (124,324), (125,325,145,126), (135,136) 

Since h, /, and g are homeomorphisms of (S^T) the links in a given orbit all have 
the same (mod 2) linking number. Since each orbit has an even number of elements this 
contradicts the Conway Gordon Theorem. Thus Z2 x Z2 x Z2 is not realizable for Kq. 

Table [6] summarizes our realizability results for Kq. Observe that for n = 4 and n = 5 
every subgroup of S n is realizeable for K n , but this is not true for n = 6. 



16 



DWAYNE CHAMBERS AND ERICA FLAPAN 





X VCclllZiCl U1L 


x v t; Cl O KJ 1 1 


>->6 


Ma 
1 N \J 


T^^i-r 1 1 f\ pamint h *n ^ /-it* /I ^ 

X vJ \J -\- CCLllllUt UC kJf) Ul /If) 


^6 


No 

1 > U 


TSn , < Kr ) rannnt hp Aa 

X l/VJ-L 1 iig 1 CclllllU t UC -ilg 


°5 


No 


*,(, ( /\ , > 1 r* pi n n nf h - rw A ~ 
X O VJ_|_ l 11 5 J CdllllUL uc 05 -**-Q 


A*. 


No 


TSn , (ft^l rannnt hp 4 C 

X l)VJ^- 1 11.5 i CrtllllUlj UC 


^ X 7n 


No 


1 ovj-[-i iig 1 cdiiiiUL Uc 04 A <^2 ^4 


04 


Ma 
1NU 


>(, ( /\ , > ) r* pi n n nf hp S\ ^ ny 4 a 
x ijvj-l 1 iifj 1 cdiniu i* uc 04 ui ^14 




Ma 


TQP (/T^ rnnnnt hp 4 ,1 y 7, or 4, 

X OVJJ- I XV g 1 CdilllUL UC -rl-4 ^2 -^3-4 


^4 


Ma 


TQP f/<^ ran Tint hp 4. 

1 UV7-)-i llg 1 CdilllUL Uc -/T-4 


^6 


Yps 

-L CO 


rivL/" nrr 1 n <x pniypil wnnf q 
1 j y dLiU-iiifi cini di iviiuuo 


^5 


Yp<3 


1 j V ciLlLllllc, dill dl iviiu LjO 




Nn 


TSn , (Kc\ rannnt hp D^ x Zn D^ Z^ x Zn Zn x Zn x Zo 


D,, 


J. CO 


•^icici TTicrnTP 11 &l Finn fi t cri 1 m pn t" 

uCC X lg U.1 C |_XOJ ClllLi Cil g LL111CJXL 




Yp<3 
1 CO 


Occ X 1 1^ Ul c 1 ± 1 1 <illLi ctlgLLIllCllL 


^3 A 


-L CO 


r^vLT' FinHino" pniTfil wnnf c 
1 j y oAiu.iiiiL c±ii± cxi iviiuuo 


^3 x ^3 


Vps 

1 Co 


1 J \ dAlU-lllL: dl LjO 


Do 
^3 


Yp<3 

-L CO 


r\vi7' arlHincr pnivfil Irnnf q 

1 J V cLtlCllllfi Cllll Cll ivllU Uo 


Do 
U2 


-L CO 


1 J V CLtlCllllii Cllll Cll ivllUljO 


Ze 


Yp<3 
1 CO 


rsTT' q r H 1 n rr r'hiT'Ql Irnnf c 
XJ V cH.lU.llle, Cllll Cll 1V11U bo 


Zc x Z-i 


No 


( .nncpmipyipp of A.— 1 ,>;7"p1p rnpnrpm 

V^UllOCvJ U.C11CC Ul 'rVjy tlC X 11CU1 Clll 


Z C 


J. CO 


11 V CtU-U-llle, Cll 11 Cll IvllUljO 


Z,i V 7n 


No 


1 pncpnnprif'P at A. ( \TflPi 1 m tir^i't^m 
V^UlloCvl U.C11CC Ul t: w V C1C X 11CU1 Clll 


z 4 


Yes 


See Figure 1181 and argument 


(Z 3 x Z 3 ) x Z 4 


Yes 


See Figure H7| and argument 


(Z 3 x Z 3 ) x Z 2 


Yes 


By adding chiral knots 


Z 3 x Z 3 


Yes 


By adding chiral knots 


Z 3 


Yes 


By adding chiral knots 


Z 2 xZ 2 x Z 2 


No 


Consequence of Conway Gordon Theorem 


Z 2 


Yes 


By adding chiral knots 



Table 6. Realizability for Kq 
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